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Abstract. Recently, Abtahi, Nasr-Isfahani, and Rejali [1] have shown that
if G is a locally compact but not compact topological group and p > 2,
then there are two functions, f and g, such that the convolution f  g
is equal to ∞ on some set of positive measure. In the paper we show
the nonexistence of f  g on a set of positive measure for (f, g) from a
complement of a σ-porous set.
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1. Introduction. Assume that G is a locally compact group and let μ be a
left-invariant Haar measure on G (cf. [3] for details). If p ≥ 1, then by Lp(G)












If f, g are two measurable functions, x ∈ G, and an appropriate function is
integrable, then we deﬁne the convolution of f and g in the point x by:




Assume that p > 1. The famous Lp-conjecture, stated by Z˙elazko and
Rajagopalan in the 1960’s, asserts that if for all f, g ∈ Lp, f  g ∈ Lp (that
is, f  g is deﬁned almost everywhere on G and belongs to Lp), then G is
compact. During the next 30 years this conjecture was established in special
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cases, and, ﬁnally, in 1990 Saeki [4] proved the Lp-conjecture in its general
form. In [1] the conjecture was strengthened for p > 2. Namely, it was shown
that if G is not compact, then for every compact, symmetric neighbourhood
of the neutral element K, there exist functions f, g ∈ Lp such that for any




q < 1, then for every compact set K, the set of those pairs of functions
(f, g) ∈ Lp × Lq for which f  g is well deﬁned for some x ∈ K (i.e., f  g(x)
is ﬁnite or equal to ∞ or −∞), forms a σ-porous subset of Lp × Lq.
Before we state our result, we will give some notation. Let X be a metric
space. B(x,R) stands for the open ball with a radius R centered at a point x.
Let c ∈ (0, 1]. We say that M ⊂ X is c-lower porous [6], if
∀x ∈ M ∀β ∈ (0, c/2) ∃R0 > 0 ∀R ∈ (0, R0) ∃z ∈ X B(z, βR) ⊂ B(x,R)\M.
Note that the above definition is equivalent to the one presented in [6].
If M is a countable union of c-lower porous sets (with the same constant
c > 0), then we say that M is σ-c-lower porous. If M is a countable union of
sets such that each of them is c-lower porous for some c > 0, then we say that
M is σ-lower porous (cf. [6, Proposition 2.2]). It can be easily seen that the
c-lower porosity implies the nowhere density and hence the σ-lower porosity
implies the meagerness. Thus if X is a complete space, then σ-lower porous
sets are small subsets of X. Moreover, it can be proved that the notion of the
σ-lower porosity is more restrictive than the meagerness, and that the notion
of the σ-c-lower porosity is more restrictive than the σ-lower porosity.
For more information on porosity, we refer the reader to survey papers [5]
and [6] on porosity on the real line, metric spaces and normed linear spaces.
If p, q ≥ 1, then we consider the product Lp × Lq as a Banach space with
a norm deﬁned as the maximum of norms of coordinates, that is
||(f, g)|| = max{||f ||p, ||g||q}.
Our main result is the following:
Theorem 1. Assume that G is locally compact but not compact topological




q < 1, then we have:
(i) for every compact subset K ⊂ G, the set
EK = {(f, g) ∈ Lp × Lq : ∃x ∈ K f  g(x) is well defined}
is σ-c-lower porous for some c > 0;
(ii) if G is σ-compact, then the set
E = {(f, g) ∈ Lp × Lq : ∃x ∈ G f  g(x) is well defined}
is σ-lower porous.
If p > 2, then 1p +
1
p < 1. Since L
p × Lp is complete, by Theorem 1, there
are f, g ∈ Lp such that f  g does not exist.
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2. Proof of Theorem 1. By Δ we denote the modular function of G, that is the
function Δ : G → R such that for every x ∈ G and every measurable A ⊂ G,
μ(Ax) = Δ(x)μ(A).
A modular function is a continuous homomorphism from G to R+. Moreover,





A group G is called unimodular if its modular function is identically equal to 1.
Note that Abelian groups and discrete groups are unimodular (those basic pro-
perties of modular functions can be found in [3]).
In the proof of Theorem 1 we mix some ideas and techniques from [1] and
from our paper [2].
Note that the sets investigated in this paper will be porous in a bit stronger
sense. However, we do not want to deﬁne any new notion of porosity, so in the
formulations of theorems we deal only with c-lower porosity.
Proof. Part (ii) follows immediately from Part (i). To prove (i), ﬁx K, any
compact subset of G. By taking, if needed, the set K ∪ K−1 ∪ K ′, where K ′
is any compact symmetric neighbourhood of the neutral element of G, we can
assume that K is a symmetric compact neighbourhood of the neutral element




⎩(f, g) ∈ L









⎩(f, g) ∈ L














u , hence it is sufﬁcient
to show that each E+u and E
−
u is c-lower porous. Since, moreover, for every
(f, g) ∈ Lp ×Lq and every u > 0, we have that (f, g) ∈ E+u iﬀ (f,−g) ∈ E−u (in
particular, it means that E+u and E
−
u are isometrically isomorphic), we only
have to show that for every u > 0, the set E+u is c-lower porous for some c > 0
(which does not depend on u).
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and hence there exist 0 < η < 1 − δ and C ∈ (0, 1) such that also














Now, by induction, we will deﬁne a sequence (an) ⊂ G such that for any
m,n ∈ N, m 
= n,
amK
2 ∩ anK2 = ∅, Ka−1m ∩ Ka−1n = ∅ and Δ(an) ≤ 1. (1)








4 ∪ K4a−1k ) such that Δ(an+1) ≤ 1. It is trivial to verify
that (an) have the desired properties.




































< (1 − δ − η)R. (3)
Now, let n1 > n0 be such that (recall the definition of the number P )
(μ(K)(n1 − n0 + 1))1−
1






























μ(anK) = (n1 − n0 + 1)μ(K). (5)












p = ηR and M2 (μ(B))
1
q = ηR. (7)
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p , x ∈ A;
f(x), x /∈ A, and g˜(x) =
{
M2, x ∈ B;
g(x), x /∈ B.
By (2) and (7), we have








































+ (1 − δ − η)R
≤ ηR + (1 − δ − η)R
= R − δR.
Similarly by (3) and (7), ||g˜−g||q ≤ R−δR. Hence B((f˜ , g˜), δR) ⊂ B((f, g), R).
Thus we only have to prove that B((f˜ , g˜), δR) ∩ E+u = ∅.
Fix any (h, s) ∈ B((f˜ , g˜), δR) and let A1 =
{
x ∈ A : h(x) ≥ CM1Δ(x−1) 1p
}
,
A2 = A\A1, B1 = {x ∈ B : s(x) ≥ CM2}, B2 = B\B1. Then we have





























































Now let x0 ∈ K and deﬁne the set F = (A−11 x0) ∩ B1 and H = x0F−1. Since
for every n ∈ N, (Ka−1n )−1x0 ⊂ anK2, we have that A−1x0 ⊂ B, and thus
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) − μ (A−11 \(B1x−10 )
)
≥ μ (A−11










) − μ (A−12
) − Δ(x−10 )μ(B2)
(8)(9)
≥ μ (A−1)P
Also, H ⊂ A1, F ⊂ B1 and H−1x0 = F . Moreover, if y ∈ A, then y = xa−1n
for some n ∈ N and x ∈ K. Hence by (1), Δ(y−1) = Δ(an)Δ(x−1) ≤ S.































































Thus (h, s) /∈ E+u and hence the result follows. 
3. Corollaries and other results. If p, q ≥ 1, then by Ep,q we denote the set:
Ep,q = {(f, g) ∈ Lp × Lq : f  g is deﬁned a.e. on G}.
Theorem 1, together with a well known fact that if G is compact and p, q ≥ 1,
then for every (f, g) ∈ Lp × Lq, f  g ∈ L1, give us the following
Corollary 2. The following conditions are equivalent:
(i) for any p, q > 1 such that 1p +
1
q < 1, the set Ep,q is σ-c-lower porous for
some c > 0;
(ii) for any p, q > 1 such that 1p +
1
q < 1, the set Ep,q is not equal to L
p ×Lq;
(iii) there are p, q > 1 such that 1p +
1
q < 1 and the set Ep,q is σ-c-lower porous
for some c > 0;
(iv) there are p, q > 1 such that 1p +
1
q < 1 and the set Ep,q is not equal to
Lp × Lq;
(v) G is not compact.
Finally, we will generalize the second result from [1] (cf. Remark from [1]
and note that any discrete topological group is unimodular). This result is
another strengthening of the Lp-conjecture for p > 2 and unimodular groups.
Theorem 3. Assume that G is a noncompact unimodular group and p > 2.
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(i) For any compact set K ⊂ G, the set
EK = {f ∈ Lp : ∃x ∈ K f  f(x) is well defined}
is σ-c-lower porous subset of Lp for some c > 0.
(ii) If G is σ-compact, then the set
E = {f ∈ Lp : ∃x ∈ G f  f(x) is well defined}
is σ-lower porous.
Proof. The proof is very similar to the proof of Theorem 1, so we will skip
some computations. Again, we can assume that K is a symmetric compact
neighborhood of the identity element, and we only have to show that for any















































and let u > 0, f ∈ Lp, R > 0 and δ < c. Fix η < 1 − δ and C ∈ (0, 1) so that




































Now take a sequence (an) ⊂ G so that amK2 ∩ anK2 = ∅ = Ka−1m ∩Ka−1n for
every m 




























1 − δ − η
2
R,
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and





















Now set A =
⋃n1
n=n0




2. Then μ(A) = (n1 − n0 + 1)
μ(K) and μ(B) = µ(K
2)




































M, x ∈ A ∪ B;
f(x), x /∈ A ∪ B.
We have









































































≤ ηR + 21 − δ − η
2
R = (1 − δ)R,
and hence B(f˜ , δR) ⊂ B(f,R). Now let g ∈ B(f˜ , δR). We only have to show
that g /∈ E+u .
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Set A1 = {x ∈ A : g(x) ≥ CM}, A2 = A\A1, B1 = {x ∈ B : g(x) ≥ CM},
























































Now ﬁx any x0 ∈ K and deﬁne F = (A−11 x0) ∩ B1 and H = x0F−1. Then
H ⊂ A1 and A−11 ⊂ Bx−10 , so
μ(H) = μ(F ) = μ((A−11 x0) ∩ B1) = μ(A−11 ∩ (B1x−10 )) = μ(A−11 )
−μ(A−11 \(B1x−10 )) ≥ μ(A−11 ) − μ(B2x−10 )
= μ(A) − μ(A2) − μ(B2) ≥ μ(A)P.
Hence∫
H












p )P > u
so g /∈ E+u and the result follows. 
4. Final remarks and open questions. In [1] it was observed that:
• if G is unimodular and f, g ∈ L2(G), then f  g exists;
• if G is discrete, p ∈ (1, 2] and f, g ∈ Lp(G), then f  g exists.
Hence the following questions arise:
• Assume that f, g ∈ L2(G) and G is not unimodular. Does f  g always
exist?
• Assume that f, g ∈ Lp(G), G is not discrete and p ∈ (1, 2]. Does f  g
always exist?
If the answer is negative for one of these questions, one can ask if it is typical
in Lp × Lp (for suitable p).
Since the Lp-conjecture states that for any p > 1, there are f, g ∈ Lp
such that f  g /∈ Lp, one can ask if the set {(f, g) ∈ Lp × Lp : f  g ∈ Lp}
is small (meager or σ-porous) in Lp × Lp. Clearly, by Theorem 1, the set
{(f, g) ∈ Lp ×Lp : f  g ∈ Lp} is σ-c-lower porous in Lp ×Lp for p > 2. Hence
this question is open for p ∈ (1, 2].
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